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We study two dispersive regimes in the dynamics of N two-level atoms interacting with a bosonic mode
for long interaction times. Firstly, we analyze the dispersive multiqubit quantum Rabi model for the regime
in which the qubit frequencies are equal and smaller than the mode frequency, and for values of the coupling
strength similar or larger than the mode frequency, namely, the deep strong coupling regime. Secondly, we
address an interaction that is dependent on the photon number, where the coupling strength is comparable to
the geometric mean of the qubit and mode frequencies. We show that the associated dynamics is analytically
tractable and provide useful frameworks with which to analyze the system behavior. In the deep strong coupling
regime, we unveil the structure of unexpected resonances for specific values of the coupling, present forN ≥ 2,
and in the photon-number-dependent regime we demonstrate that all the nontrivial dynamical behavior occurs
in the atomic degrees of freedom for a given Fock state. We verify these assertions with numerical simulations
of the qubit population and photon-statistic dynamics.
INTRODUCTION
The Dicke model is one of the simplest models that captures the effects of the interaction between several atoms and an
electromagnetic mode of radiation. Since its original proposal [1], it has been the subject of extensive investigations and was
shown to possess a remarkable effect, namely, the existence of thermal [2, 3], quantum [4] and excited state [5] quantum
phase transitions at specific values of the temperature, coupling strength and excitation energy, respectively. Following those
lines, there has been a plethora of studies discussing its spectral properties. This includes the cases of small N [8], where
integrability analyses have been done, and large but finite N [9], with accompanying discussions about the relations between
the aforementioned transitions and with chaos [10–13]. The small coupling strength near the resonant regime has also been
thoroughly investigated, resulting in the integrable Tavis-Cummings model [14] after performing a rotating-wave approximation.
Several studies of the dynamics have been done with a variety of motivations, e.g., entanglement, collapses and revivals [15, 16],
behavior near the classical limit [17], and open system problems [18]. The dynamics in the small qubit frequency regime has
also been explored [15], but mainly for low coupling strengths. In the experimental frontier, it has been implemented in a variety
of scenarios [19–21] and quantum simulations have also been considered, primarily for one qubit [22–25], but also for larger N
[26, 27]. Furthermore, current experimental trends are directioned towards reaching increasingly large values of the coupling
[28–32], such that it is worthwhile to analyze the large-coupling region and identify interesting effects. Recently, efforts to
classify the quantum Rabi model in a variety of coupling regimes have been carried out [33].
In this Article, we study the dynamics of the Dicke model in the regime of small but nonzero qubit frequency ω0 for a
finite number N of atoms. The ensuing separation of timescales naturally leads to the use of an adiabatic approximation, a
technique previously employed in the one qubit case [34, 35] and for large qubit frequency [36, 37] in the language of the
Born-Oppenheimer approximation. This allows us to separate fast oscillating behavior at the frequency of the mode, ω, from
secular effects induced by the finiteness of ω0 and keep only first-order corrections. For a fixed and small value of the qubit
frequency, there are two discernible regimes showing distinct behavior depending on the value of g. The first one is the deep
strong coupling regime, introduced originally for the quantum Rabi model [38] and extended now to this multiqubit quantum
Rabi model, which shows effects not present for the N = 1 atomic case. The second one is an intermediate coupling regime
where the atomic dynamics is nontrivial, governed by the Lipkin-Meshkov-Glick Hamiltonian [39, 40], yet the bosonic mode
decouples for each number state. At the same time, both behaviors become mixed in the intermediate regime.
RESULTS
The model.– We consider now the Dicke Hamiltonian,
H = ω0Jz + ωa
†a+ gJx(a+ a†), (1)
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2where ω0 is the qubit frequency, ω is the photon frequency, and g is the coupling constant. Jz and Jx are collective atomic
operators, defined as 2Jz =
∑
i σ
i
z , 2Jx =
∑
i σ
i
x. Both of them, together with Jy , satisfy the angular momentum commutation
relations. We also introduce Jˆ2, whose eigenvalues are J(J + 1) and work in the symmetric subspace with 2J = N , where N
is the number of atoms. Likewise, a and a† are photon annihilation and creation operators, respectively.
In the regimes we are interested in, both rotating and counterrotating terms are important, and we must keep both to account
for the dynamics. Instead of neglecting either of them, we perform a displacement transformation onH [9, 41], and its associated
time evolution operator,
UH = D(λ)UH′D(−λ),
H ′ = D(−λ)HD(λ). (2)
By choosing λ = gωJx, such that it does not commute with Jz , the resulting H
′ is
H ′ = ω0e−
gJx
ω (a
†−a)Jze
gJx
ω (a
†−a) + ωa†a− g
2
ω
J2x . (3)
The reason for this transformation is that, if ω0 = 0, the Hamiltonian would be diagonal, as is apparent from the previous
equation. If we introduce ladder operators with respect to Jx, J± = Jz ∓ iJy , and use the ensuing commutation relations,
JxJ± = J±(Jx ± 1), the Hamiltonian takes the simpler form,
H ′ =
ω0
2
(
e
g
ω (a−a†)J− + H.c.
)
+ ωa†a− g
2
ω
J2x . (4)
Since ω  ω0, we move to an interaction picture generated by the ωa†a term,
UH = e
gJx
ω (a
†−a)e−iωt a
†aUH2e
− gJxω (a†−a), (5)
where UH2 is the time evolution operator associated with the following Hamiltonian,
H2 =
ω0
2
[
e
g
ω (ae
−iωt−a†eiωt)J− + H.c.
]
− g
2
ω
J2x . (6)
Further manipulations depend on the magnitude of g
2
ω2 . It should be noted that that the Hamiltonian of Eq.(6) is structurally very
similar to the trapped ion Hamiltonian before doing the vibrational rotating wave approximation. In consequence, it is amenable
to the same methods of analysis [42], a fact we will exploit in the following sections.
Deep Strong Coupling Regime.– g ' ω in this scenario so g2/ω, the prefactor of the J2x term in Eq. (6), is much larger than
ω0, the prefactor of the other term. Thus, the former induces evolution on a faster time scale than the latter, but, at the same time,
g2/ω remains comparable to ω itself. Therefore, it is convenient to move to an interaction picture with respect to the J2x term as
well. The resulting time evolution operator and Hamiltonian are
UH = e
gJx
ω (a
†−a)e
−i
(
ωa†a− g
2J2x
ω
)
t
UH3e
− gJxω (a†−a), (7)
H3 =
ω0
2
e
g
ω (ae
−iωt−a†eiωt)ei
g2
ω (2Jx+1)tJ− + H.c. (8)
We point out that, in Eq. (8), the resulting dynamics depends strongly on the magnitude g
2
ω2 .
i) Resonant behavior. In the case of g = ω
√
k where k is an integer, each Jx eigenstate will generate a resonance with a
different term in the displacement factor, as shown in the following table for the specific case of J = 2, namely, four qubits,
Jx −2 −1 0 1 2
(2Jx + 1)kω −3kω −kω kω 3kω 5kω
For example, a 3kω term will resonate with an a3k term. For this purpose, it is convenient to perform a Fourier expansion of the
displacement operator,
eβ(ae
−iωt−a†eiωt) = Ω0nˆ(β) +
∞∑
m>0
Ωmnˆ (β)a
me−imωt + (−1)meimωta†mΩmnˆ (β),
Ωmnˆ (β) = β
me−
β2
2 Lmnˆ (β
2)
nˆ!
(nˆ+m)!
, (9)
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FIG. 1: Schematic representation of the Hilbert space of the system. On each table, each square represents a basis state labeled by the
eigenvalues of Jx (left column) and of a†a (top row). Solid lines indicate the chains of states that are coupled by the effective Hamiltonian for
different values of g and J : (a) g = ω, J = 3
2
, (b) g non resonant, J = 3
2
, and (c) g = ω, J = 2. Black dots represent decoupled states.
where Lmn is an associated Laguerre polynomial. The first-order effective Hamiltonian is obtained by averaging with respect to
ω,
〈H3〉 = ω0
2
[
Ωknˆa
k(P0J−P1) + Ω3knˆ a
3k(P1J−P2)− a†3kΩ3knˆ (P−2J−P−1)− a†kΩknˆ(P−1J−P0) + H.c.
]
, (10)
where the Pm are projectors onto the Jx = m state. Note that the expected a5k term does not appear because P2J− = 0.
Nothing can be lowered to the Jx = 2 eigenstate. Using states |m,n〉 for which Jx = m and a†a = n, the dynamics can be seen
to generate the following dispersive chain of connected states,
|−2, n+ 4k〉 ↔ |−1, n+ k〉 ↔ |0, n〉 ↔ |1, n+ k〉
↔ |2, n+ 4k〉 . (11)
The Hilbert space can thus be divided into subspaces as shown in Fig. 1(c). For large n, these chains emerge and are connected
as displayed in Fig. 1. To verify these analytical results, we did numerical simulations of Eq. (1) for N = 2, g =
√
5ω and
ω0 = 0.1ω, as shown in Fig. 2(a). We also computed the cases for N = 8, g = 1, ω0 = 0.1ω and ω0 = 0.01ω, see Figs. 2(b)
and 2(c). To achieve this, we plot
P (t) = | 〈Jx = 0, n = 0|U(t) |Jx = 0, n = 0〉 |2. (12)
We point out that, for ω0 = 0.1ω, a complete depopulation of the initial state takes place in a short time. For smaller ω0,
the approximation works better but the time span required to depopulate the initial state increases accordingly. In the N = 8,
ω0 = 0.1ω case, the approximation captures qualitatively the correct behavior, but higher-order secular effects become apparent
as the theoretical approximation lags behind the simulations. Peaks are distorted as well due to micromotion effects.
This same resonant behavior is present for J equal to a half-integer. In the specific case of J = 32 , the corresponding table
reads
Jx −3/2 −1/2 1/2 3/2
(2Jx + 1)kω −2kω 0kω 2kω 4kω
In this case, the Jx = − 12 ↔ Jx = 12 transition involves no change in the photon number, as shown in Fig. 1(a). When
considering higher values of J , the dispersive chains start growing but remain finite.
ii) Off-resonant behavior. When moving away from these resonances, the system responds differently depending on whether
J is an integer or a half-integer. If J is an integer, the chain dynamics are progressively suppressed as the detuning increases and
the system reaches a dispersive regime. The resonances described in the previous sections have a width of order ω0, such that
they are sharper if ω0 is smaller. In the specific case of J = 1, i.e., for two qubits, the minimum value of P for a k resonance
4a)
b) c)
FIG. 2: Evolution of P (t) for (a) J = 1 (2 atoms), g =
√
5ω, ω0 = 0.1ω; (b) J = 4 (8 atoms), g = ω, ω0 = 0.1ω and (c) J = 4 (8 atoms),
g = ω, ω0 = 0.01ω showing the existence of resonances. Numerical simulation is orange and theoretical approximation is dashed black.
b)a)
FIG. 3: Evolution of P (t) for J = 2 (4 atoms) and ω0 = 0.1ω, with (a) g = (
√
3+0.03)ω and (b) g = (
√
3+0.07)ω. Numerical simulation
is shown in orange and theoretical approximation in dashed black.
can be easily calculated,
Pmin =
(g2 − kω2)2
(g2 − kω2)2 + 4ω2ω20(Ωk0)2k!
=
(g2 − kω2)2
(g2 − kω2)2 + 4ω2ω20( gω )2k e
− g2
ω2
k!
. (13)
It is Lorentzian in g2, rather than g, such that the peak is not symmetric with respect to the resonance. Figs. 3(a) and 3(b)
show that as we move away from the resonance, the value of Pmin departs from 0 and starts to increase, while the oscillations
experience a frequency shift. The new frequency for the kth resonance and J = 2 reads
1
2
√
(g2 − kω2)2 + 4ω2ω20
( g
ω
)2k e− g2ω2
k!
. (14)
Figure 4 shows that for a sufficiently detuned g, most of the unveiled dynamics is almost suppressed.
If J is a half-integer, the physical description changes radically. As can be seen from the table for J = 3/2, the Jx =
−1/2 ↔ Jx = 1/2 transition is not suppressed by the rapidly oscillating terms, since g2(2Jx + 1)/ω = 0 for the Jx = −1/2
entry, independently of the value of g. The effective Hamiltonian in these conditions reads
〈H3〉 = ω0
2
Ω0nˆ
(
P− 12 J−P 12 + P 12 J+P− 12
)
. (15)
This encompasses the case of the single-qubit quantum Rabi model (J = 1/2) and accounts for the distorted peaks reported in
Ref. [38]. Graphically, the dispersive chains of Fig. 1(a) collapse into Fig. 1(b).
Photon-number-dependent Regime.– A different behavior arises when g  ω, such that g2 ≈ ωω0. Then, both terms in
Eq. (6) are comparable, and it is not useful to go into the interaction picture generated by the J2x term. Instead, the first-order
5b)a)
FIG. 4: (a) Evolution of P (t) for g = 1.2ω and ω0 = 0.01ω, for 800 cycles of the mode frequency. (b) Evolution of
| 〈Jz = 0, n = 0|U(t) |Jz = 0, n = 0〉 |2 for g = 1.2ω with ω0 = 0 (black) and ω0 = 0.01ω (orange). The plot shows the evolution
from ωt = (2pi)120 to ωt = (2pi)140.
a) b)
c) d)
FIG. 5: For g2J = 0.01ω2 and ω0 = 0.01ω, we show (a) the probability of finding one or less photons at time t for J = 4 (8 atoms), (b)
the probability of finding two or less photons at time t for J = 20 (40 atoms), (c) P (t) for J = 4, (d) P (t) for J = 20. Orange curves are
numerical simulations and theoretical approximation is plotted in dashed black.
effective Hamiltonian is obtained by averaging directly,
〈H2〉 = ω0Ω0nˆJz −
g2
ω
J2x , (16)
and the result, as has been pointed out before [43–45], is a Lipkin-Meshkov-Glick Hamiltonian. Within this approximation,
Fock states remain unchanged, while each Fock state induces a different evolution on the atomic internal states, characterised
by the Ω0nˆ coefficient accompanying ω0. The evolution of the Hamiltonian of Eq. (1) changes the number of photons due to
the displacement operators in Eq. (5), albeit very weakly since gω is now a small quantity. This is verified in Figs. 5(a) and
5(b). Furthermore, the effective Hamiltonian is a good approximation even for 40 atoms as shown in Figs. 5(c) and 5(d), while
still displaying nontrivial physics. In a way, the dispersive chains of the previous section have become vertical in the tables
of Fig. 1. If the initial state contains several Fock components, the Ω0nˆ term originates the dispersive dynamics that gives rise
to the collapses and revivals reported in Ref. [15]. It should be noted that this regime is close to the critical coupling of the
Dicke quantum phase transition. To analyse this, it is convenient to discuss thoroughly the approximations that led into Eq. (16).
The separation of timescales that justifies the averaging requires that the resulting effective dynamics does not occur at a rate
comparable to the fast timescale. The fastest effective dynamics occur at frequencies of the order of 2Jω0 and gω
2
J2, since
they are at first glance the largest energy differences that occur in 〈H2〉. Thus, reasonable upper bounds are 2ω0J / 0.1ω and
g
ω
2
J2 / 0.1ω.
As an example, let us consider now 100 atoms. The upper bounds for ω0 and g are then 10−3ω and 3× 10−3ω, respectively.
If we take ω0 = 10−6ω, then the critical coupling can be calculated,
gcrit =
√
ω0ω
N
= 10−4ω, (17)
which is within the approximation.
6DISCUSSION
In this work, we have developed a useful framework to analyze the dispersive dynamics of the low-qubit frequency region of
the Dicke model. This can be phrased in terms of effective Hamiltonians that generate dynamics in isolated dispersive chains of
the system Hilbert space, whose detailed structure depends on the value of the coupling.
Several remarks are in order. (i) The quantity plotted in most graphs, P(t), defined in Eq. (12), is particulary convenient
for showing the possible discrepancies between the complete and the effective evolutions because the state |Jx = 0, n = 0〉 is
invariant under the displacement operators of Eq. (5). However, a general initial state will be affected by such transformations
and the complete evolution is bound to be complicated because the displacement parameter depends on a state’s value of Jx.
This would mask the simple nature of the effective dynamics. (ii) While the Lipkin-Meshkov-Glick model resulting from the
adiabatic elimination of the photon field is well known, the results of this paper consider it as a special case of the dispersive
chain dynamics in which transitions among spin states are not accompanied by changes in photon number. Thus, effects that
have been discussed in this setting may be investigated in the context of more complex chains. (iii) Corrections to the effective
dynamics described in the paper are of two kinds: there are secular corrections that appear as additional contributions to the
effective Hamiltonians and there are small (of order ω0ω ) periodic (with frequency ω) coherent transitions to other states.
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